The Narumi-Katayama index of a graph G, denoted by NK (G), is equal to the product of the degrees of the vertices of G. For various classes of graphs, we characterize the graphs G for which NK (G) assumes an extremal (minimal or maximal) value.
Introduction
In this article, we are concerned with simple graphs, that is, finite and undirected graphs without loops and multiple edges. Let G be such a graph and V (G) = {v 1 , v 2 , . . . , v n } its vertex set. The degree deg(v) of a vertex v ∈ V (G) is the number of vertices of G adjacent to v. A vertex v ∈ V (G) is said to be isolated, pendent, or fully connected if deg(v) = 0, deg(v) = 1, or deg(v) = n − 1, respectively. The n-vertex graph in which all vertices are fully connected is the complete graph K n . The n-vertex graph with a single fully connected vertex and n − 1 pendent vertices is the star S n . The connected n-vertex graph with two pendent vertices and n − 2 vertices of degree 2 is the path P n . The connected n-vertex graph all of whose vertices are of degree 2 is the cycle C n .
In the 1980s, Narumi and Katayama considered the product
and named it the ''simple topological index'' [1] . In more recent works on this graph invariant [2] [3] [4] [5] , the name ''Narumi-Katayama index'' has been used, which we also do in the present paper. In [6, 7, 3, 4, 8, 1, 2] , some properties of the Narumi-Katayama index were established, but the problem of finding graphs extremal with respect to NK was not considered at all. In this paper, we offer a few results that contribute towards filling this gap.
In the class of all graphs, those having isolated vertices have NK = 0, which evidently is the minimal possible value of NK . For graphs without isolated vertices, the following results are obvious. Proposition 1. Let F 1 n be the graph consisting of n/2 copies of P 2 if n is even, and consisting of (n − 3)/2 copies of P 2 and a copy of P 3 if n is odd. If G is a graph on n vertices without isolated vertices, then 
Proposition 2. Let G be a graph on n vertices without isolated vertices, such that G
n be the graph consisting of (n − 4)/2 copies of P 2 and a copy of P 4 , and let F 2b n be the graph consisting of (n − 6)/2 copies of P 2 and two copies of P 3 . If n is odd, let F 2a n be the graph consisting of (n − 5)/2 copies of P 2 and a copy of P 5 , and let F 2b n be the graph consisting of (n − 9)/2 copies of P 2 and three copies of P 3 . Let K n − e be the graph obtained by deleting an edge from K n . Then,
with equality if and only if
n−2 . The graphs with third-minimal NK are found equally easily. Since their description is lengthy, we omit it. The graph with third-maximal NK is evidently K n − e − e ′ , with e and e ′ being two distinct edges.
for n ≥ 4 these two edges must be independent.
In view of Propositions 1 and 2, we restrict our considerations to connected graphs (thus without isolated vertices). In what follows, this will always be tacitly assumed.
Maximal Narumi-Katayama index
From Proposition 1, we already know which n-vertex graph has maximal Narumi-Katayama index. In this section, we determine the species with maximal NK -value for some other classes of graph. For the sake of convenience, instead of NK (G) we shall examine its logarithm, L(G) := ln NK (G). Then, Eq. (2) can be rewritten as
Denote by n i the number of vertices of degree i. Then, for a graph with n vertices and m edges,
With this notation, Eq. (2) can be rewritten as
Subtracting Eq. (3) from (4), we get
Noting that
we immediately see that for i ≥ 3 the multipliers in the summation on the right-hand side of Eq. (6) are positive valued. Therefore, L will attain a maximal value if n i = 0 for all i ≥ 3. The only connected graphs satisfying this requirement are P n and C n . We thus arrive at the following.
Theorem 1. (a) The n-vertex tree with maximal Narumi-Katayama index is the path P n . (b) The n-vertex connected unicyclic graph with maximal Narumi-Katayama index is the cycle C n .
Using Eq. (6), we now easily deduce the following. Evidently,
Theorem 2. (a) Any n-vertex tree P

Xn Yn
n−2 . By means of Eq. (6), it is possible also to determine the bicyclic graphs with maximal NK . For this one needs to note that the multiplier (7) is a monotonically increasing function of the parameter i. Therefore, a bicyclic graph with maximum NK -value must have as few vertices of degree greater than 2 as possible, and these vertices must have as small degree as possible. Bearing this in mind, we need to examine only bicyclic graphs of the type A or B; see Fig. 1 .
For n-vertex bicyclic graphs of type A and B, Eq. (6) yields, respectively, 
Minimal Narumi-Katayama index
In order to characterize the connected graphs with smallest NK -values, express from Eq. (3) the number of fully connected vertices (n n−1 ), and substitute it back into (5). This yields
Since, evidently, ln(n − 1) − ln i is positive valued and decreases monotonically with i, we see that L will be minimal if the respective graph were to have as many pendent vertices as possible. In the case of connected graphs, this is the star. Hence, we have the following.
Theorem 4.
Among all connected n-vertex graphs, the star S n has minimal Narumi-Katayama index (equal to n − 1).
The candidates for the second-minimal graphs are the species X n and Y n , depicted in Fig. 2 . Note that X n has a vertex of degree 2, a vertex of degree n − 2, and n − 2 pendent vertices, whereas Y n has two vertices of degree 2, a fully connected vertex, and n − 3 pendent vertices. By direct calculation, we find that NK (X n ) < NK (Y n ). Therefore, we have the following.
Theorem 5.
Among all connected n-vertex graphs, different from the star, the graph X n has minimal Narumi-Katayama index (equal to 2(n − 2)). This graph is unique.
Corollary 1.
Among n-vertex trees, the star S n has minimal Narumi-Katayama index, and the graph X n has second-minimal Narumi-Katayama index. Thus, for any n-vertex tree T n , T n ̸ ∼ = S n , X n , P n , P 1 n , NK (S n ) < NK (X n ) < NK (T n ) < NK (P 1 n ) < NK (P n ).
Reasoning in the same way as used for obtaining Theorem 5 leads to the following.
Theorem 6. Among all connected n-vertex unicyclic graphs, the graph Y n has minimal Narumi-Katayama index (equal to
4(n − 1)). This graph is unique.
